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GIBBS-MARKOV- YOUNG STRUCTURES WITH (STRETCHED) 
EXPONENTIAL TAIL FOR PARTIALLY HYPERBOLIC ATTRACTORS 

JOSE F. ALVES AND XIN LI 



Abstract. We study a partially hyperbolic set if on a Riemannian manifold M whose 
tangent space splits as TkM = E^"^ © , for which the center- unstable direction E'^'^ 
\ is non-uniformly expanding on some local unstable disk. We prove that the (stretched) 

' exponential decay of recurrence times for an induced scheme can be deduced under the 

\ assumption of (stretched) exponential decay of the time that typical points need to achieve 

some uniform expanding in the center-unstable direction. This extends a result in [7] to the 
(stretched) exponential case. As an application of our main result we obtain (stretched) 
exponential decay of correlations and exponentially large deviations for a class of partially 
hyperbolic diffeomorphisms introduced in J^. 
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1. Introduction 

In the late 60's and 70's, Sinai, Ruelle and Bowen brought Markov partitions and sym- 
bohc dynamics into the theory of uniformly hyperbolic systems; see [HI El HZ]. Ruelle 
wrote: 'This allowed the powerful techniques and results of statistical mechanics to be 
applied into smooth dynamics' in Preface]. To study the systems beyond uniformly 
hyperbolic, Young used Markov partition to build Young tower in [201 EI] for systems with 
nonuniform hyperbolicity, including Axiom A attractors, piecewise hyperbolic maps, bil- 
liards with convex scatterers, logistic maps, intermittent maps and Henon-type attractors. 
Under these towers. Young studied some statistical properties of the non uniformly hyper- 
bole systems, including the existence of SRB measures, exponential decay of correlation 
and the validity of the Central Limit Theorem for the SRB measure. Roughly speaking, 
a Markov structure is characterized by some selected region of the phase space that is 
divided into an at most countable number of subsets with associated recurrence times. 
Young called it 'horseshoe with infinitely many branches'. These structures have some 
properties which address to Gibbs states and for that reason they are nowadays sometimes 
referred to as Gibbs-Markov- Young (GMY) structures; see Definition 11.51 

In [TD], Bonatti and Viana considered partially hyperbolic attractors with mostly con- 
tracting direction, i.e. the tangent bundle splitting as E'^^ © E^, with the E"^ direction 
uniformly expanding and the E'^^ direction mostly contracting (negative Lyapunov expo- 
nents). They proved the existence of an SRB measure under those conditions. In |12] . 
Castro showed the existence of GMY structure, thus obtaining statistical properties hke 
exponential decay of correlations and the validity of the Central Limit Theorem. The 
Central Limit Theorem for these systems has also been obtained by Dolgopyat in [T3] . 

However, as most of the richness of the dynamics in partially hyperbolic attractors 
appears in the unstable direction, the case E'^'^ © E^ (now with the stable direction being 
uniform and the unstable nonuniform) comprises more difficulties than the case © 
The existence of SRB for some classes of partially hyperbolic attractors of the type E'^^®E^ 
has been proven by Alves, Bonatti and Viana in [1]. In [7], Alves and Pinherio obtained 
a GMY structure quite similar to that in [5] for non-uniformly expanding (NUE) systems. 
Given the lack of expansion of the system at time n is polynomial small, they got polynomial 
decay of recurrence times and polynomial decay of correlations. Their approach, originated 
from [20] for Axiom A attractors, has shown to be not efficient enough to estimate the tail of 
recurrence times for non-uniformly hyperbolic systems with exponential tail of hyperbolic 
times. This is due to the fact that at each step of their algorithmic construction just a 
definite fraction of hyperbolic times is used. 

In [14j, Gouezel developed a new construction with more efficient estimate for return 
times. As a starting point, Gouezel used the fact that the attractor could be partitioned into 
finite number of sets with small size. That gave rise to more precise calculations yielding 
also the (streched) exponential case. However, it is not clear that Gouezel strategy has 
a direct application to the partially hyperbolic setting E^"^ © E'^ , because the attractor 
is typically made of unstable leaves, which are not bounded in their intrinsic distance. 
Partially inspired by [HIIIS], Alves, Dias and Luzzatto gave in [2] an improved local GMY 
structure, with much more efficiency than [S] in the use of hyperbolic times that made it 
possible to prove the integrability of recreance times under very general conditions. 
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The aim of this work is to fill a gap in the theory of partially hyperbolic diffeomorphisms 
with centre unstable direction, where GMY structures are only known with polynomial tail 
of recurrence times, after [Zj. From that we get (stretched) exponential decay of correlation 
and exponential large deviations, by the related results in [201 El US]. Our strategy is based 
in a mixture of arguments from [2J and [13]. We construct a GMY structure by a method 
similar to [2] and we apply the estimates process in [T3] to our GMY structure. To improve 
the efficiency of the algorithm in [2J, our method has a main difference, namely, we keep 
track of all points with hyperbolic time at a given iterate and not just of a proportion of 
those points. 

1.1. Gibbs-Markov- Young structures. Here we recall the structures which have been 
introduced in [20]. Let / : M — )• M be a C^'^ diffeomorphism of a finite dimensional 
Riemannian manifold M, Leb (Lebesgue measure) the normalized Riemannian volume on 
the Borel sets of M. Given a submanifold 7 C M, and Leb^ denotes the Lebesgue measure 
on 7 induced by the restriction of the Riemannian structure to 7. 

Definition 1.1. An embedded disk 7 C M is called an unstable manifold if for all x, ?/ G 7 

dist(/-"(a;), /""(y)) ^0 as n ^ 00. 
Similarly, 7 is called a stable manifold if for all x, y G 7 

dist(r(x), /"(y)) ^0, as n ^ 00. 

Definition 1.2. Given n > 1, let be a unit disk in R"- and let Emb^(L'",M) be the 
space of embeddings from into M. A continuous family of unstable manifolds 
is a set F" of unstable disks 7" satisfying the following properties: there is a compact set 
K'' and a map : K" x V ^ M such that 

(1) 7" = $"({a;} X D"-) is a local unstable manifold; 

(2) maps x homeomorphically onto its image; 

(3) X (-7- X D^) is a continuous map from to Emb^ M). 
Continuous families of stable manifolds are defined analogously. 

Definition 1.3. A subset A C M has a product structure if, for some n > 1, there exist a 
continuous family of n-dimensional unstable manifolds F" = U7" and a continuous family 
of (dim(M) — n)-dimensional stable manifolds F^ = U7'' such that 

(1) A = F" nF"; 

(2) each 7^* meets each 7'" in exactly one point, with the angle of 7^ and 7" uniformly 
bounded away from zero. 

Definition 1.4. Let A C M have a product structure defined by families F* and F". A 
subset Aq C A is an s-subset if Aq has a hyperbolic product structure defined by families 
Fq C F'^ and Fq = F"; u-subsets are defined similarly. 

For * = M, s, given x G A, let 7*(x) denote the element of F* containing x, and let /* 
denote the restriction of the map / to 7*-disks and | det Df*\ denote the Jacobian of Df*. 

Definition 1.5. A set A with a product structure for which properties (Po)-(P4) below 
hold will be called a Gibbs-Markov- Young ( GMY) structure. From here on we assume that 
C > and < /3 < 1 are constants depending only on / and A. 
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(Po) Lebesgue detectable: for every 7 G V^, we have Leb^(A fl 7) > 0; 
(Pi) Markov partition and recurrence times: there are finitely or countably many pair- 
wise disjoint s-subsets Ai, A2, ■ ■ ■ C A such that 

(a) for each 7 G T", Leb^ ((A \ UAj) n 7) = 0; 

(b) for each i E N there is integer _Rj G N such that /-^^(Aj) is w-subset, and for 
all X G Aj 

r»(7^(a;)) C 7^(/^^(a;)) and /«^(7"(x)) D 7''{f'''{x)). 
We define the recurrence time function R: Uj Aj — )■ N as R\a^ = Ri. We call 
f^^ : Aj — )■ A the induced map. 

(P2) Uniform contraction on F*: for all x G A, each y G 7*(x) and n > 1 

dist(r(i/),r(x))<cr. 

(P3) Backward contraction and bounded distortion on F": for all x,y E Ai with y G 7'"(a;), 
and < < _Rj 

(a) dist(/"(j/),/»(i)) < C/!«'-"dist(/«'(i), /"•(»)); 

(P4) Regularity of foliations: 

(a) Convergence of D{f^\'y'^): for all y G 7*(x) and n > 

(b) Absolutely continuity ofT^: given 7,7' G F", define the holonomy map 0: 7 fl 
A — )■ 7' n A as = 7*(x) H 7. Then is absolutely continuous with 



d{(P.Leh,) detDr(f(x)) 
rfLeby ^''^ iidetD/«(f(0(a;)))- 



(The notion of absolute continuity is precisely given in Section 1X71 ) Under these conditions 
we say that F = /"^ : A — )■ A is an induced GMY map. 

1.2. Partially hyperbolic attractors. Here we recall the definition of partially hyper- 
bolic attractors with mostly expanding center-unstable direction and then we state the 
main theorem, Theorem \^ This extends the result in [TJ Theorem A] to the (stretched) 
exponential case. 

Let / : M — )■ M be a C^^ diffeomorphism of a finite dimensional Riemannian mani- 
fold M. We say that / is if / is and Df is Holder continuous. A set C M is 
said to be invariant if f{K) = K. 

Definition 1.6. A compact invariant subset K G M has a dominated splitting, if there 
exists a continuous ^/-invariant splitting TkM = E'^^ © i?^" and < A < 1 such that (for 
some choice of Riemannian metric on M) 

||D/|Eri|-PrM^/(.)ll <A, forallxGir. (1) 

We call E'^^ the center-stable bundle and E'^^ the center-unstable bundle. 

Definition 1.7. A compact invariant set if C M is called partially hyperbolic, if it has 
a dominated splitting T^M = © E'^^ for which E'^''^ is uniformly contracting or E'^'^ is 



GMY STRUCTURES WITH (STRETCHED) EXPONENTIAL TAIL 



5 



uniformly expanding, i.e. there is < A < 1 such that (for some choice of a Riemannian 
metric on M) 

\\Df I ^^^11 < A or \\Df-^ I ^/(^)ir^ < A, for all x e K. 

In this work we consider partially hyperbolic sets of the same type of those considered 
in [1], for which the center-stable direction is uniformly contracting and the central- unstable 
direction is non-uniformly expanding. To emphasize that, we shall write E'^ instead of E'^'^. 

Definition 1.8. Given 6 > 0, we say that / is non-uniformly expanding at a point x E K 
in the central-unstable direction, if 



limsup-X;iog||/^/-' I < -h. (NUE) 

n— >+oo n . 

3=0 

If / satisfies (INUEp at x G -ft', then the expansion time function at x 



£(x) = min jiV > 1: log I II < -6, \fn>N\ (2) 

I ^ i=0 



is defined and finite. 



{£ > n} is the set of points which, up to time n, have not yet achieved exponential growth 
of the derivative along orbits. We call {S > n} the tail of hyperbolic times (at time n). 

We remark that if condition f lNUEp holds for every point in a subset with positive 
Lebesgue measure of a forward invariant set K C M, then K = n„>o/"(-ft') contains some 
local unstable disk D for which condition (INUEp is satisfied Leho almost everywhere; see 
[71 Theorem A]. 

Theorem A. Let f : M ^ M be a C^^ diffeomorphism with K <Z M an invariant 
transitive partially hyperbolic set. Assume that there are a local unstable disk D d K 
and constants < r < 1 and < c < 1 such that Leb/){£^ > n} = (9(e~'^"^). Then 
there exists A G K with a GMY structure. Moreover, there exists < d < 1 such that 
Leh^{R >n} = 0{e-'^"-^) for any 7 6 1". 

The proof of this result will be given in Section [31 

Under the assumptions of Theorem jXl the set A coincides with F", but there are other 
possibilities, e.g. A is a Cantor set for the Henon attractors in [TT] . 

In Section jH we present an open class of diffeomorphisms for which A' = M is partially 
hyperbolic and satisfies the assumptions of Theorem jXl The transitivity of the diffeomor- 
phisms in that class was proved in 



1.3. Statistical properties. A good way of describing the dynamical behavior of chaotic 
dynamical systems is through invariant probability measures and, in our context, a special 
role is played by SRB measures. 

Definition 1.9. An /-invariant probability measure // on the Borel sets of M is called 
an Sinai- Ruelle-Bowen (SRB) measure if / has no zero Lypaunov exponents /i almost 
everywhere and the conditional measures of /i on local unstable manifolds are absolutely 
continuous with respect to the Lebesgue measure on these manifolds. 
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It is well known that SRB measures are physical measures: for a positive Lebesgue 
measure set of points x G M, 

lim — > ipifHx)) = / ipd^, for any continuous : M — )• M. (3) 

SRB measures for partially hyperbolic diffeomorphisms whose central direction is non- 
uniformly expanding were already obtained in [IJ. Under the assumptions of Theorem \FX 
we also get the existence of such measures by mean of j2Dl Theorem 1]. 

Definition 1.10. We define the correlation functions of observables M M with 

respect to a measure /i as 



n > 0. 



Sometimes it is possible to obtain specific rates for which C^{ip, ip) decays to as n tends 
to infinity, at least for certain classes of observables with some regularity. See that if we 
take the observables as characteristic functions of Borel sets, we get the classical definition 
of mixing. 

The next corollary follows from Theorem |X] together with [6l Theorem B] ; see also (6| 
Remark 2.4]. Though in |6] the decay of correlations depends on some backward decay 
rate in the unstable direction, in our case we clearly have exponential backward contraction 
along that direction. So the next result is indeed an extension of [3 Corollary B] to the 
(stretched) exponential case. 

Corollary B (Decay of Correlations). Let f : M ^ M be a C^^ diffeomorphism with an 
invariant transitive partially hyperbolic set K C M . Assume that there are a local unstable 
disk D G K and constants < r < 1 and < c < 1 such that Lehoi^ > n} = 0{e~'^"'^). 
Then some power has an SRB measure fi and there is d > such that Cf^{(f, o f^"^) = 
0{e~'^^^) for Holder continuous ip,ip: M — )■ M. 

If the return times associated to the elements of the GMY structure given by Theorem R] 
are relatively prime, i.e. gcd{Ri} = 1, then the same conclusion holds with respect to /, 
i.e. for k = 1. 

Definition 1.11. Given an observable : M — )■ M, we define the large deviation of the 
time average with respect to the mean of (p as 

n-l 



1 r 

-^^(f(a;))- /^d/i 



> e 



Using Theorem Rl and p3| Theorem 4.1], we also deduce a large deviations result for the 
SRB measure /i of /. 

Corollary C (Large Deviations). Let f : M ^ M be a C^^ diffeomorphism with an 
invariant transitive partially hyperbolic set K C M. Assume that there are a local unstable 
disk D G K and < c < 1 such that LehD{S > n} = (9(e~^"). Then there is d > such 
that for any Holder continuous : M — > M and any e > we have 'D^{ip, n, e) = (9(e~'^"). 
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In Corollary [0 we do not need to take any power of /; see the considerations in [T5| 
Section 2.2]. It remains an interesting open question to know whether we have a similar 
result in the stretched exponential case; this depends only on a stretched exponential 
version of [151 Theorem 4.1]. 

Further statistical properties, as the Central Limit Theorem or an Almost Sure Invariant 
Principle, which have already been obtained in [7], could still be deduced form Theorem Rl 

2. Preliminary results 

In this section we state the bounded distortion property at hyperbolic times (firstly 
appeared in [4j) for iterations of / over disks which are tangent to a center- unstable cone 
filed. The material here is mainly from [1]. 

Firstly we give the precise definition of center-unstable cone field. We denote the continu- 
ous extensions of E"^ and E'^^ to some neighborhood U of K hj E^ and E'^^. The extensions 
are not necessarily invariant under Df. Notice the set U will be necessary in the GMY 
construction; see Subsection 13.51 These extensions may not be invariant under Df . 

Definition 2.1. Given < a < 1, the center-unstable cone field = {Ca^{x))^^u of 
width a is defined by 

CTi^) = {^i + V2e E'^® E"^ such that ||i;i|| < a||i;2||}; 

the stable cone field = (Ca(^))xG;7 ^/ ''^'^dth a is defined similarly, 

Cai^) = {vi + V2 e El © E"^ such that \\v2\\ < 

We notice that the dominated splitting property still holds for the extension. Up to 
slightly increasing A < 1, we fix a > and U small enough so that the domination 
condition ([T]) still holds for any point x E U nf^^{U) and every G C^{x), v'^^ G C^"(/(x)): 

\\Df{x)v'\\ ■ \\Df-\f{x))v'''''\\ < X\\v'\\ 

The center-unstable cone field is forward invariant 

Df{x)C:''{x) C any x e K, 

and this holds for any x G ?7 fl f~^{U) by continuity. 

The cu-direction tangent bundle of the iterates of a submanifold are Holder continuous 
as long as they do not leave U , with uniform Holder constants. We only need the existence 
of a dominated splitting E''^ © E'^'^. 

Definition 2.2. An embedded submanifold L d U is tangent to the centre- unstable 
cone field, if TxL C C^"(x), at every point x E L. 

Given L satisfies Definition 12.21 then f{L) is also tangent to the centre-unstable cone 
field by the domination property so far as f{L) is in U , 

The tangent bundle TL is said to be Holder continuous, if the sections x — )■ T^L of the 
Grassmannian bundles over L are Holder continuous. 

For a subset T^L and a vector v G TM, let dist(f , T^L) = mmu^T^i 11"^ — ""ll) which means 
dist(f,Tj.L) is the length of the distance between v and its orthogonal projection of T^L. 
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Taken x,y G L, for subbundles T^L and TyL, define 

distfT^L, T^L) = max < max dist(f,T^L), max distiw, T^L) 

[ veT^L,\\v\\=l ^ w(iTyL\\w\\=\ 

Definition 2.3. For constants C > and C ^ (0, 1], the tangent bundle TL is said to be 
(C, C)— liolder continuous, if 

dist(Ti,.L, TyV) < C distL(x, y)'' for all y G B{x, e) (1 L and x E U. 

Here distL{x,y) is the length of geodesic along L connecting x and y. Given a 
submanifold L C f/, we define 

k{L) = inf {C > : TL is (C, C)-H51der}. 

The next result on the Holder control of the tangent direction is all we need. See its proof 
in [H Corollary 2.4]. 

Proposition 2.4. Given Ci > such that for any submanifold L G U tangent to C^^, 

(1) there is Uq > 1, then < Ci for every n > Uq and f^{L) C U for all 
0<k<n; 

(2) %fK{L) < Ci, then fi:(r(L)) < Ci for all n > 1 and f^{L) C U for all < k < n; 

(3) if L, n are as in the previous item, then the Jacobian functions 

Jk ■.f\L)3x^ log I det [Df I TJ\L))\, < k < n, 
are {J,()-Hdlder continuous with J > depending only on Ci and f. 

This proposition would be useful in proving Item of Lemma 12. 9[ i.e the bounded 
distortion estimates at hyperbolic times in next subsection. 

We can derive uniform expansion and bounded distortion from NUE assumption in the 
centre-unstable direction, with the definition below. Here we do not need the full strength 
of partially hyperbolic, we only consider the cu-direction has condition fINUEp . 

Definition 2.5. Given < cr < 1, we say that n is a a-hyperbolic time ioi x E K if 

n 

Y[ \\Df-^ I E^^(^) II < (T^ for all 1 < A; < n. 

j=n—k+l 

For n > 1 and a < 1, we define 

Hn{(y) = {x E K : n is a a-hyperbolic time for x }. 
Remark 2.6. Given a < 1 and x G Hn{a), we obtain 

n 

ii/^rN^rwii< n \\Dr'\Ep^.)\\<^', (4) 

j=n—k+l 

which means Df^^ \ EJ^^^^^ is a contraction for 1 < k < n. 

The next result states the existence of cr-hyperbolic times for points satisfying Defini- 
tion 12.51 and gives indeed the positive frequency for such points. Its proof can be found in 
[U Lemma 3.1, Corollary 3.2]. 
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Proposition 2.7. There exist 6 > and o" > such that for every x & K with £{x) < n 
there exist cr-hyperbolic times 1 < ni < ■ ■ ■ < ni < n for x with I > On. 

In the sequel, we consider a fixed a and simply write if„ instead of if„(cr). 

Remark 2.8. If a > and 5i> are sufficiently small such that the 5i-neighborhood of 
K is contained in U , we get by continuity 

\\Df-\f{y))v\\<^\\Df~'\Ef^^^\\\\vl (5) 



'a 

whence x E K, dist{y,x) < 6i, and v G C^iy). 

For a given disk A C M, we denote the distance between x,y G A by distA(a;, ?/), 
measured along A. Let < 5 < 5i and no > 1. 

Items (l)-(3) in the next result have been proved in p[| Lemma 5.2 & Corollary 5.3], and 
item (4) is a consequence of item (2). 

Lemma 2.9. Let A G U be a disk of radius 6 tangent to the centre-unstable cone field 
with /t(A) < Ci and x & A(l K . There exists C2 > 1 such that if n > uq and x G Hn, then 
there exists a neighborhood Vn{x) of x and Vn{x) C A so that: 

(1) maps Vn{x) diffeomorphically onto a centre-unstable ball B{f"^{x),5i); 

(2) for every 1 < k < n and y,z & Vn{x), 

dist^„-.(v^„(.))(r-^(i/),r-'=(2)) < a'=/Mist;.(v,(.))(r(i/),r(^)); 



X) 




1 det D/" 


\TyA\ 


IdetD/" 





(4) V;(x)c5(x,(5ior"). 

The sets Vn{x) will be called hyperbolic pre-balls, and their images -B(/"(x),5i) called 
hyperbolic balls. Item gives the bounded distortion at hyperbolic times. 



3. The GMY structure 

In this section we prove the existence of the product structure in the attractor. We 
essentially describe the geometrical and dynamical nature. This process has three steps. 
Firstly we prove the existence of a centre-unstable disk A whose subsets return to a neigh- 
borhood of A under forward iteration and the image projects along stable leaves covering 
A completely. Secondly, we define a partition on A by these subsets. This construction 
is inspired essentially by [H Section 3] and ^ Section 3 & 4]. That is, we generalize the 
structure in j2jj for NUE systems to the partially hyperbolic attractor setting as in [7]. We 
improve the product structure in [7] ; see more specifically Subsection 13.51 Finally we show 
that the set with a product structure satisfies Definition 11.51 
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3.1. The reference disk. Let D be a local unstable disk as in the assumption of Theo- 
rem |Al Given 6i as in Remark 12. 8[ take < 6s < Si/ 2 such that points in K have local 
stable manifolds of radius Sg- In particular, these local stable leaves are contained in U; 
recall ([5]). 

Definition 3.1. Given a disk A C -D, we define the cylinder over A 

CiA)=[jwi{x). 

and consider vr be the projection from C(A) onto A along local stable leaves. We say that 
a center-unstable disk 7" u-crosses C(A) if 77(7" fl C(A)) = A. 

From Lemma [23] we know that if A C t/ is a small disk tangent to the centre- unstable 
cone field with k{A) < Ci and x ^ A (1 K, then for each x G Hn, there is a hyperbolic 
pre-ball which is sent by /" diffeomorphically onto the ball B{f"'{x),6i). For technical 
reasons (see Lemma 13^ we shall take 6[ ^ 61 and consider V^(x) the part of Vn{x) which 
is sent by /" onto B{f"'{x),6[). The sets V/^{x) will also be called hyperboUc pre-balls. 

The next lemma follows from [3, Lemma 3.1 & 3.2]. 

Lemma 3.2. There are 6q > 0, a point p E D and Nq > 1 such that for each hyperbolic 
pre-ball V^{x) there is 1 < m < Nq for which /"'*''" (V^^(x)) u-crosses C{Aq), where Aq = 
Bip,So)cD. 

From here on we fix the two center-unstable disks centered at p 

A° = Ao = B(p,5o) and A^ = 5(p,25o), 
and the corresponding cylinders 

Co= [j ^li^)^ for ^ = 0,1. (6) 
The projections along stable leaves will both be denoted by vr. 

Remark 3.3. We assume that each disk 7" w-crossing Cq (i = 0, 1) is a disk centered at a 
point of W^^{p) and with the same radius of Aq. We ignore the difference of radius caused 
by the height of the cylinder and the angles of the two dominated splitting bundles. Let 
the top and bottom components of OCq be denotes by 9"Cq, i.e. the set of points z G dC^ 
such that z G dW^^{x) for some x E Aq. By the domination property, we may take Sq > 
small enough so that any centre-unstable disk 7" contained in Cq and intersecting /2(p) 
does not reach O^Cq. 

Given a hyperbolic pre-ball (x) and m as in the conclusion of Lemma 13.21 above we 
define 

<m = (/|;)t(T))-^(r+"^(A^) n Cq), z = 0,1. (7) 
The sets of the type 0;°'^, with x G iJ„ fl Aq, are the natural candidates to be in the 
partition V. In the sequel, sometimes we omit m, i and x in the notation a;^'|^ and simply 
use Un to denote some element at step n. 

For k > n, set the annulus around the element Un = ^n^m 

Ak{uJn) = G : < dist^(/^(-")(i/), Ao) < <5ofx^}. (8) 
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Obviously 

3.2. Partition on the reference disk. In this subsection we describe an algorithm of 
a (Leb/) mod 0) partition V of Aq. The algorithm is similar to the one in [2j, but in the 
present context of a diffeomorphism, each element of the partition will return to another 
u-leaf which u-crosses Cq. Along the process we shall introduce sequences of objects (A„), 
(fin), (Sn) and (An). For each n, A„ is the set of points left in the reference disk up to 
time n and fi„ is the union of elements of the partition at step n. The set Sn (satellite) 
contains the components which could have been chosen for the partition but are too close 
to already chosen elements. More precise notation will be shown along the constructing 
process. 

3.2.1. First step of induction. Given rio € N and consider the dynamics after time uq. 
Remember Aq = Z) \ Aq. By the third assertion of [21 Lemma 3.7], there is a finite set of 
points = {zi, . . . , zn„^^ } e n Aq such that 

ff„„nAocKo(^i)u---uK„(^M.„)- 

Consider a maximal family of pairwise disjoint sets of type ([7]) contained in Aq, 
and denote 

O f XQ XI ^'"^fcnQ T 

"no = \^no,mo^^no,mi^ • • • ' ^m,mk„g f 

These are the elements of the partition V constructed in the riQ-step of the algorithm. The 
recurrence time = + rrii with < z < k^g. Recalling ([8]), we define 



We need to keep track of the sets {oOn^rn '■ z ^ Ino-,^ < rn < Nq] which overlap Vtno U 
^no(^no) or Aq. Given uj G i7„o, for each < m < A^o, we define 

/-(a;) = {xe 4, : ^1;^^^ H (a; U ^ 0} , 

and the no-satellite around u 

No 

^noM= U U Ko(^)n(Ao\a;), (9) 

m=Oxe/™(a;) 

We write 

Similarly, we define the no-satellite associated to Aq = \ Aq 

5no(AS)=U U v;:o(x)nAo. 
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We will show in the general step, the volume of Snoi^^o) is exponentially small. The 'global' 
no-satellite is 

Sno= U 5„„MU5„„(A^). 

The remaining points at step no are 

^no = ^0 \ ^no • 

Clearly, 

Hno n Aq C Sno U ^Ino ■ 

3.2.2. General step of induction. The general step of the construction follows the ideas 
above with minor modifications. As before, there is a finite set of points J„ = {^i, . . . , ZNn} ^ 
Hn n Ao such that 

HnOAoC V;{z,)U---UV^XznJ. 
Assume that the sets fli, Aj and Si are defined for each i < n — 1. Assuming 

i Li - IW^^^g , CU^^^j , . . . , (^i^ruk^ i 

for no < ^ < n — 1, let 

Now we consider a maximal family of pairwise disjoint sets of type ([7]) contained in A„_i, 

f i,xo ,ji,^fc„ I 

I n,mo ' n,mi 5 • • • 5 n,mi^^ J 

satisfying 
and define 

^^n — \^n,Tno ' "^n,mi ! • • • ! ^n,mk„ J ■ 

These are the elements of the partition V constructed in the ra-step of the algorithm. Set 
R{x) = n + rrii for each x G uj^'^ with < z < £„. Given u G Qna U ■ ■ ■ U n„ and 
< m < iVo, let 

= {a; G /„ : u;^;:, n (a; U A„(u;)) ^ 0} , 

define 

^"M= U U V;:(^)n(Ao\a;) (10) 

m=0 x£l^{uj) 

and 

5„(Ao) = U 5„(u;). 
Similarly, the n-satellite associated to Aq is 

No 

5„(A^)=U U K:(^)nAo. 
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Remark 3.4. Observe that the volume of 5'„(Aq) decays exponentially. Actually, it follows 
from the definition of ^^(Aq) and Lemma [2.91 that 

S'„(Ag) C {x G Ao : dist^(x,9Ao) < 250^^^/^}. 

Thus, we have ?7 > such that Leh£)(Sn{^o)) — V^^^"^- 

Finally we define the n-satellite associate to VLn^ U ■ • ■ U VLn 

= 5„(Ao) U 5„(AS) 

and 

n 

A, = Ao \ U a. 

i=no 

We clearly have 

n 

HnnAoC SnU [j Qi. (11) 

i=no 

3.3. Estimates on the satellites. For the sake of notational simplicity, we shall avoid the 
superscript in the sets w^'^- The next lemma shows that, given n and m, the conditional 
volume of the union of ^ which intersects one chosen element is proportional to the 
conditional volume of this element. The proportion constant is uniformly summable with 
respect to n. 

Though we consider here the case of partially hyperbolic attractor, and also the con- 
struction is modified a bit, the proofs of the next two lemmas are still essentially the same 
of [21 Lemmas 4.4 & 4.5]. 

Lemma 3.5. (1) There exists C3 > such that, for any n > uq, < m < Nq, and 
finitely many points {xi, . . . , xn} G In satisfying uj^^^ = ^ < i < N), we have 

LehD (^U^nixi)^ < C3Lebz5«„). 

(2) There exists C4 > such that for k > Uq, u E Qk one? < m < A^Q; given any 
n > k we obtain 

LebD U uj^'^^m < C4(r'^Leh{Lj). 
\xei^(ui) J 

Proposition 3.6. There exists C5 > 0, s.t. Vw G Qk, one? n > k, we have 

Leb/)(S'„(a;)) < C^a^~ Lehoiu}). 

Proof. Consider now k > Uq and n > k. Fix w G fi^ and consider Sn{u}) the n-satellite 
associated to it. By definition of Sn{uj) and Lemma [3.51 Item ([T]) we have 

No 

LehoiSr^iu;)) < J2 Yl ^^^d ^x) n {Ao\u)) + LehoKico) \co) 

m=0 xel^{u)) 
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In this last step we have used the obvious fact that for fixed n, m the sets of the form ^ 
with X G are pairwise disjoint. Thus, by Lemma [3.51 Item ([2]), 

LebD(5'„(a;)) < CsiC^iNo + 1) + LehDiuj). 

LetC5 = Cs{C^{No + l) + l). □ 

Definition 3.7. Given k > Uq and G Qk, for some x G Aq and < m < Nq, we 
define for n > k 

B'^ix) = S,,{ulJ U and = A;. 

Notice that k and are both hyperbolic times for points in Aq. The set oo^m ^^^^ be called 
the core of B^{x) and denoted as C{B^{x)). 

The next result follows immediately from Proposition 13.61 
Corollary 3.8. For all n > k and x, we have 

Lebz,(E^(x)) < (Cs + 1) Lebz5(C(fi^(x))). 
The dependence of S[ on 6i becomes clear in the next lemma. 
Lemma 3.9. If no < k < k' , n > k, n' > k' and -B^(x) fl B^,{y) ^ 0, then 

C{B'^{x))UC{B'^,{y))cV,{x). 
Proof. Since k and n > k are hyperbolic times, by the second assertion of Lemma 12.91 

diam^.(^)(/'=(5^(x))) < 25[+A5[a'^. 
Using again the second assertion of Lemma 12.91 we finally have 

diam^(S^(x)) < {26[+A6[a-^)a^ < 66[a^ . 

Similarly 

dmmn{B'^,{y)) < 65[a^ . 

Now observe that is enough to obtain the conclusion of the lemma for n = k and n' = 
k' . By the computation above we have diam£)(i?"(x)) < 6(5^cr"/^, and diam/)(_B^,'(?/)) < 
65^a"'/2 < 65;a"/2. Then we have 

dist^.(^)(r(x),9r(\<(y))) < 15[ « 5i, 

so f^{VM) C 5(r(a;),5i). We build a set W:,{y) = (^(y))) n Vn{x). By the 

definition of Vn, /" is an isomorphism between W'^iy) and But also is an 

isomorphism between V^{y) and By the uniqueness in Lemma [2T9l V^iy) = 

W^{y). In particular, V^{y) C Vn{x). And so C{B^,{y)) C Vn{x). Then 

c(5^(x))uc(i?^:(y))c Kw. □ 

Lemma 3.10. There exists P > Nq such that for alluo <ti<t2, B\l^p{y)r\B\\^p{x) = 0. 
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Proof. Suppose, on the contrary, that for all P > A^^q we have Bl'^^p(y) fl -B*^+p(x) ^ 0. 
Take a point z in the intersection. Then, letting Ri = R{C {B\]^^p{x))) ^ recalling ^2 + -P is 
a hyperbolic time in the definitions of B\}^j^p{x) and B\^j^p{y)^ by the second assertion of 
Lemma [2.91 we obtain 



and also 
Hence, 



dist^.,(^) {f^^{z)j''^{C{B%_^p{x)))) < 25[a 
dist^«,(^) {f''^{z)J^^{C{B%^p{y)))) < 25[a 



t2 + P-Ri 
2 



t2 + P-Rl 



t2-H 

2 



dist^«,(^) {f^^{C{Bll^p{x)))J^^{C{Bll^p{y))))<A6[a^ 
Letting P large enough such that 45^0"-^/^ < Soa'^°^'^, we have 

dist^«,(^) (/«HC(i?*^Vp(x))),/«^(C(Eg+p(y)))) < 6oa' 
which means C{Bl'^^p(y)) C At^iC {Bl^_^^p(x))) . This gives a contradiction. □ 

3.4. Tail of recurrence times. Though our constructions are different from [H], our 
approach in the estimates below is inspired in [14j Section 3.2]. Given a local unstable disk 
D G K and constants 0<r<l,0<c<l,we assume LehniS > n} = C(e~'^"^). Observe 
that there exists a constant rj > such that for all n G N 

LebD{a; G D \ dist^lx, dAo) < a"/^} < r^a"/^ LebD(Ao). (12) 

Recall An is the complement at time n, and that 6 is defined in Proposition 12.71 

We will show LebD(A„) decays (stretched) exponentially. That is enough to conclude the 

proof since LehoiiS > n}) is (stretched) exponentially small and LebD({a; | distD(a;, OAq) < 

cr^}) decays exponentially as we know. 

Take x in A„, which does not belong either to {£ > n} H D or to {x \ disti:)(x, dAo) < 

a^}. By Proposition \2.7\ for n large, x has at least On hyperbolic times between 1 and n, 

then at least ^ between ^ and n. We will denote them by ti < ■ ■ ■ < < n. As now 

distD(a;,9Ao) > a^, we have x G H[^{Aq) := Ht^ n Aq n {y \ dist(?/,9Ao) > W^}. If 
X G H'^{Aq), we have V^{x) C Aq by the second assertion of Lemma [231 So we have 
X G 5't^(Ao), i = 1, . . . , k. We know from the construction (see ffTTjl in Section [372]) : 

n 

H„ n Ao c 5„ u [jrii 

i=no 

If X ^ St^, then x ^ At^ which means x ^ A„, a contradiction. So x G St^. As 
X G if^Ao), X G 5*^. (Aq), i = 1, . . . , k. We obtain k = Thus, x belongs to the set 

^(t'"") ' 3ti<...<t^ <n,x G Q5i,(Ao)| nA,. 

So we have 

A„ C {x G Ao I £^ > n} U {x G Ao I dist£,(x, 9Ao) < a^} U Z{9n/2,n). 
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Since the second set has exponentially small measure, by ( 1T2|) . it remains to see that the 
measure of Z{9n/2, n) decays exponentially fast. This follows from Prop osition l3.11l b elow . 
Observe that if there exists c' > such that 

Leb^(A„) < 0(e-^'"'), 

then, for any large integer A;, we have IZk = {R > k} C Ak-No, and so 

Leb^(i? > A;) < Lebz)(A,_^,J = 0(e-'('=-^«)^) = 0(6"^''=^). 

The next proposition shows that the set of points contained in finite satellite sets and have 
not been chosen yet has a measure which decays exponentially. 

Proposition 3.11. Set for integers k, N 
Z{k,N) -- 



Ix I 3ti < ... <tk< N,x ef]StX^o)nAA. 
^ i=l ^ 



There exist > and A5 < 1 such that, for all N and 1 < k < N , 

LehDiZ{k,N)) < D5AgLebD(Ao). 

For the proof of this result we need several lemmas that we prove in the sequel. We fix 
some integer P' > P (see P in Lemma I3.10p whose value will be made precise in the proof 
of Proposition 13. Hi In Lemmas 13.121 13.131 and 13.141 we simply denote Bi = B^^.j^^. {x) for 
some tj, X, and mj < P' . 

Lemma 3.12. Set E eN. Set 

Zi{k, Bo) = !^x\3B[,Bi,. . ., Bl, Br, so that VI < i < r, ti-i < t[ < ti - E, Bi <^ B[, 

J2 >k and xef]B,n[]B'\. 

i=l L -I i=0 i=l ^ 

There is Di (independent of E, P'), for all k and Bq 

LehDiZ^ik,Bo)) < APia''/')'Lebz5(C(5o)). 
Proof. Choose Di > large enough such that 

^ liv'^Cl) < Di and C5 + 1 < D^. 



We will prove the assertion by induction on > 0. Take k = 0. Recall Corollary 13.81 We 
obtain 

Lebz5(^i(0, Bo)) < LehoiBo) < (C5 + 1) LehoiCiBo)) < D, Lebz)(C(5o)). (13) 
Then now A; > 1. By decomposition, we have 

k 

Z,{k, Bo) c[j [j [j Z,{k-t,B,). 

t=l B{nBQj^(l) B[nBi^ll,Bi^B[, 
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Let n = ti — t[. Fix some B[ and then take one from all the possible Si's. We still call 
it Bi. It is contained in a ring of size era' around B[. More precisely, setting p = t[ and 
defining Q[ = p{B[), Qi = p{C{B[)), we will show that 

rm (1C:= {y\distp^D){y,dQ[) < 65;at}. (14) 

Since Bi contains a point of dB[, f^{Bi) contains a point of dQ[. We obtain 

diamjp(£)) f^{Bi) < (j?diamjp+n(£)) < 6S[a^ . 

Then we get ([H]). By ([H]), there is 77, 

Leb/p(D) C < rja^ Leb/p(D)(<5i)- 

Hence 

Since C5 + I < Di, 

LebD(5i) < Di Lebz)(C(fii)). 
By the bounded distortion constant C2, we have 

Lehfp(^D){Q'i) < C2DiLehfp(^D){Qi)- 

Then obviously, 

Lebjp(z5)(/^(fii)) < Ca^ir/crt Leb;p(,5)(Qi). (15) 
The cores C{Bi) of those possible i?i's are pairwise disjoint by construction. And impor- 
tantly, the possible cores C{Bi) must be all contained in Vp{x[), whence C{B[) = w^/ by 
Lemma We know that is a diffeomorphism on Vp{x[). So f^{C{Bi)) C /^(V^(x']^)). 
As 

/^(c(5i)) c nB,) c c, 

then 

Remember that Qi = p{C{B[)). By ([l5]) we get 

Lebyp(D)(/^(C(5i))) < C2Z^iwtLeb/p(^)(gi). 

B(ni?i5^0,[^i^ ■>t 
Now, using the bounded distortion constant C2, we obtain 

Lebz3(C(i?i)) < AC2V^Lebz5(C(S;)). (16) 

BinBi^0,[ 



After that, write q = to and C(-Bo) = i^q,m- The possible sets C(-B^)'s are pairwise 
disjoint by construction, and included in Vg{x) by Lemma 13.91 Indeed, is a diffeo- 
morphism on Vq{x) and its distortion is bounded by C2. Let Qq := /^(C(-Bo)), and 
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f^iVgix)) = B{P{x),Si), suppose that Lehf,^D){B{f''{x),Si)) < r]Lehf,^D){P{C{Bo))). 
By bounded distortion, obtaining by 

J u n/ f w ^ n J u (n(u ^^ Leb/,(i^)(E(/''(a:),(5l)) 
Leb.(K(a:)) < C,Leho{Cm) Leb,.(,)(/.(C(i?,))) ' 

we have 

Lebz)(C(5;)) < r/C2 LebB(C(5o)). 
Finally, the induction assumption gives 

k 

LebB(^i(A;,5o)) < H H Leb^(Zi(A: - 1, 

t=i B[nBo^iD 



>t 



k 



< J2 D,{D,a-f-'D,C',vcT^LehD{C{B[)) 
t=i B[nBoj^Q 

k 

< Di(Dif7f)'=DiC2V^(Di)-*Leb,5(C(i?o)). 



t=i 

yk 



By the definition of Di, we have Dir]^Cl(J2t=iiDiy^) < 1. Then we get 

LehD{Zi{k,Bo)) < Di(Dia^)'=Leb^(C(5o)), 
which ends the proof. □ 
Lemma 3.13. Set 

Z2{k,N) = {x I 35i 2 ^2 • • • 2 BkWithti <■■■ <tk< Nandx G 5i fl . . . fl BkHA^} ■ 
Then there exists A2 < 1 such that for all N > 1 and 1 < k < N , 

LehDiZ2ik, N)) < A^LebB(Ao). 

Proof. We assume N is fixed in this proof, so Z2{k) := Z2{k,N). We will prove that the 
conclusion of the lemma holds for A2 = j^^- By Corollary 13.81 and C5 + 1 < Di, for each 
possible B, we get 

l^ehoiB) < DiLehoiCiB)). (17) 

We define Qi as a maximal class of sets B with t{B) < N and not contained in any other 
B's. Consider Q2 C Ql as the class of sets B with t{B) < N which are included in elements 
of Ql. Next we define Q3 C Q2 as the class of sets B with t{B) < N which are included 
in elements of Q2. We proceed inductively. Notice that this process must stop in a finite 
number of steps because we always take t{B) < N. We say that an element in Qi has 
rank i. 
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Let now 

k 

G. = U U 

and 

\BeQk 

Now we prove that Z2{k) C Z2{k). Given x G Z2{k), we have x G Bi H . . . D Bk H An 
with Bi ^ B2 . . . ^ Bk and t(-Bfc) < N. We clearly have that 5^ is of rank r > k. Take 
B[ ^ B2 . . . ^ -Br-i 2 -^r ^ sequence with S^' G Qi and B[. = B^. In particular, x G -B^ for 
i = 1, . . . , fc, and so x G UseCfe other hand, since x G A^r and fl A^r = 0, we 

get X ^ Gk- So X G Z2{k). 

Now we deduce the relation between LebD(Z2(fc + 1)) and Lebi:)(Z'2(/c)), in such a way 
that we may estimate Leb£)(Z2(fc)). Take i? G Q/t+i. Let 5' be an element of rank k 
containing B. As the cores are pairwise disjoint by nature, C{B) fl = 0- We obtain 
C{B) cB'\GkC Z2{k). By definition C{B) C Gk+i, whence C{B) r\Z2{k + l)= 0. This 
means that G{B) C Z2ik) \ Z2{k + 1). Finally, by (HID, 

LebD(^2(A; + l)) < LebB(fi) 

< ^ LehDiCiB)) 

BeQk+i 

< D^LehDiZ2ik)\Z2{k + l)) 
since the C{B) are pairwise disjoint. Then, we obtain 

{Di + l)LehD{Z2{k + l)) < DiLehD{Z2{k + l)) + DiLehD{Z2{k)\Z2{k + l)) 

= D,LehDiZ2ik)). 

It yields LehD{Z2{k)) < ^ Leb£)(Ao) by induction. Since Z2{k) C Z2{k), the same 
inequality holds for Z2{k). This concludes the proof. □ 

The results of Lemma 13.121 and Lemma 13.131 are enough for us to assert next lemma: 
Lemma 3.14. Set 



Zs{k,N) = \x\3ti< ... <tk<N,x E St,+^mA^t,) n . . . n St,+n,,int,) n A 



N 



whence mi, . . . , < P' . There are constants -D3 > and A3 < 1 (both independent of P') 
such that, for all N and 1 < k < N , 

LehD{Z,{k,N)) < D3A^Lebz5(Ao). 

Proof. Choose E large enough s.t. Dia^^^ < 1 (recall Lemma l3.12p . Let us write = 
rE + s with s < E. Given an arbitrary x G Z^i^k, N), then there exist instants ti < . . . <tk 
as in the definition of Z^{k, N). For < m < r, take from each interval [uE, {u + 1)E) the 
first appeared ti G {ti, . . . ,tk} (if there is at least one). Denote the got subsequence tj's by 
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ty < ■ ■ ■ < tk'. Since ti < ■ ■ ■ < tk < N , we can see k' > [^], which means Ek' + E > k. 
Keeping only the instants with odd indexes, we get a sequence of instants ui < . . . < U£ 

Moreover, we have Uj+i — Ui > E for 1 < i < i hj 



> 



k-E 
2E 



with 2£ > k\ and necessarily 
construction. 

Now, according to our construction process, we know that associated to each instant Ui 
there must be some set Bi such that a; G -Bj, for 1 <i < I. Define 

/ = {1 < i < 5i C fii n ■ ■ • n and J = [1, i] \ I. 

If > i/2, we keep only the elements with indexes in I. Recalling Z2 in Lemma TS.lSt we 
have X G Z2{i/2, N). Then Z2{i/2,N) has an exponentially small measure in i (then in 
k). Otherwise, if #/ < i/2, then #J > £/2. Let jo = sup J and = mi{i < jo, -Bjo ^ ^i}- 
Let ji = sup{j < io,j G J}, ii = mf{i < ji,Bj-^ ^ Bi}, and continue the process. The 
process must necessarily stop at some step in- Then J C U"^q(zs, j^] by construction. We 
obtain ^"=o(^s ~ — "^"^ — ^/^' which shows that 



E 

s=0 



t(i?,J-t(i?, 



E 

s=0 



E 



smce m 



Ui 



> E{j — i) by the process. Hence x G Zi{£/2, Bi^) with the sequence 
Bi^, Bi^, Bj^, . . . , _Bj(,, Bj^. As the cores are pairwise disjoint by nature, we use the estimate 
of Lemma 13.121 and, summing over all the possible B^ s, we get 



□ 



Lemma 3.15. Given Bi = Bf^^{xi), let 
^4(77,1, . . . ,nfc,5i) = 



X 



3 t2, 



, tk with ti < . . . < tk and X2, 



k . 

5.t xG p|5*;+„^(xi)nAjv[. 
i=i J 



Then, there is > (independent of Bi,ni, . . . ,nk) such that for ni, . . . ,nk > P , 

LebB(^4(rii, . . . , rifc, Bi)) < D^^D^a""''^) . . . (A^x"''/') LehoiCiB,)). 

Proof. The proof is by induction on k. Taking D4 > 6*5^^^ (recall C5 in Proposition 13. 6p . 
we get the result immediately when k = 1. Now suppose k > 1. Let x G Z4^{ni, . . . , n^, -Bi). 
There exists B2 = Bl'^{x2) constructed at an instant ^2 > ^i, and x G Z^(n2, . . . ,nk,B2). 
Suppose 

LebD(^4(n2, . . . , nfc, ^2)) < D^{D^a'''/'') . . . {D.a'"'/^) LebD(C(52)). 

There exists P given by Lemma I3.10[ such that Bl'^_^^p{x2) H Bl^^p{xi) = 0. But for all 
1 < i < k, we have x G Bl^_^_n.{xi). So, ti + ni < t2 + P, i.e. t2 — ti > ni — P. By the 
uniform expansion at hyperbolic times, we get 



, tn — t-i , 7 

diam^*i(B)(/*n52)) < a— diam^.2(D)(/*'(52)) < Q5[a- 
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On the other hand, setting Q = /*i(C7(i?i)), we have distjti(£))(/*^(a;), (9Q) < 26[a 2 when 
X E Bll_^_j^_^{xi) n i?2- Then, taking > 25[ + 65^0""-'^ we have 

f^[B2) cC:={y\ dist f.,^D){y,dQ) < D,a^}. 
By induction and bounded distortion, we get 

Leb;*,(z))(/*n^4(n2, . . . , nfc, ^2))) < C^D.iD^a'^^/^) . . . {D,a^^/^) Leb;*,(B)(/*HC(52))). 

The possible cores C(i?2)'s are pairwise disjoint by nature and contained in Vt^{xi) by 
Lemma 13^ The sets /*^(C(i?2)) are still pairwise disjoint, since /'^ is injective on Vt^(xi). 
So they are all contained in the annulus C. We have 

Leb/ti(£,)(/*'(Z4(rai, . . .,nk,Bi))) < ^ Leb/ti(£,)(/*i (^4(^2, • • .,nk,B2))) 

B2 

< C^D^iD^a^^'^) . . . (D4a"^/') 5^Leb^.,(B)(/*HC^(52))) 

By (fTil) and (fTSll . we similarly get Lebjti(£))(C) < C2-Dir7cr"^/^ Lebjti(£,)((5) whence Q = 
f^{C{B{)). Hence, 

Leb^*i(D)(/*n^4(ni, . . . , nfc, < ClD^D.r^a'^^'^D^a^^'^) . . . [D.a^"/^) Leb^*,(^)(Q). 
By the bounded distortion constant C2 of the map on Vt^(xi), we get 

LebB(^4(ni, ...,nk, B,)) < ClD^r]{D^a^''^){D^a''^'^) . . . {D^a'^^'^) Lebz5(C(5i)). 
Taking > CfDir], we conclude the proof. □ 

Now we are ready to complete the proof of the metric estimates. 
Proof of Proposition \3.11[ Take P' > P (recall P in Lemma I3.10p so that 

Let X E Z{k, N), and consider all the instants Ut for which x is in some Sui+ni{^ui,m) with 
> P', ordered so that Ui < . . . < Up. Then x E Z^^ui, . . . ,np, Bi) for some Bi. If 
Yl^=i^i — we conclude the proof. Otherwise, Yl^=i''^i < ^/2, and p < k/2P'. Let 
vi < . . . < Vg he other instants for which x E S^.+mX^Vi rh)i times mi, . . . ,mg < P' . 
We have p + q > k, then g > '■^'^"/^^ > 2^7, whence P' > 1. This shows P'g > |. 
Thus we have 

^(fc, N)c[j U Z4(ni, . . . , n„ Pi) U Z3 iv") . 

Bl ni,...,np>P' , ^ ^ 

By Lemma 13.141 and 13. 15^ we obtain 

LehniZik, N))<J2 J2 D^,{D^a^^/^) . . . {D.a^"/^) Lebz)(C(Pi))+P3A3^ Leb,5(Ao). 

Bl ni,...,np>P', 
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We know Leb£i(C(i?i)) < Lehni^o) < oo because the cores C{Bi) are pairwise 
disjoint. What is left is to show 

n]^ , . . . ,np > P' , 

is exponentially small. Let us adopt 

n ni,...,up>P', p=l \ n=P' / 

Under the hypothesis a^^"^ + Dscr^'^"^ < 1, the function above has no extreme pole in the 
unit disk's neighbourhood in C. Thus its coefficients decay exponentially fast. There are 
constants > and A5 < 1 such that 



E 



(B3<t'"/=) . . . (D,,a'''^-) LebD(C(Bi)) < D^K LebD(A„). 



, . . ..rip > P' , 

We sum over n > k/2 to end the proof. □ 

3.5. Product structure. Consider the center-unstable disk Aq C -D and the partition V 
of Aq (Leb/) mod 0) defined in Section [221 We define 

And we define the family of unstable leaves as the set of all local unstable leaves 
intersecting (recall equation in Section which w-cross Aq. Clearly is nonempty 
because Aq G F". It is necessary to prove that F" is compact. By the domination property 
and Ascoli-Arzela Theorem, any limit leaf A^o of leaves in F" is a u-disk and u-crossing 
Aq, at the same time it is contained in since C° is closed. As the definition of F", we 
can see Aqo G F". So F" is compact. 

Relatively, the s-subsets are as the following: we define C{uj) as the cylinder made by 
the stable leaves passing through the points in u, i.e. 

C{u)=[jWl{x). 

The pairwise disjoint s-subsets Ai, A2, . . . are the sets {C{ijj) fl F"}^gp. 

Then we should check that /-^'(Aj) is u-suhset. Given an element a; G P, by construc- 
tion there is some R{oj) G N such that /^(^) {(jj) is a center- unstable disk w-crossing C°. 
Since each 7'" is a copy of Aq but with a different center, and very important that, 
F" n C(c(;) G U^gajW^/^(a;). Since by construction f^^'^^co) intersects W^_^^^{p), then ac- 
cording to the choice of 6q and the invariance of the stable foliation, we have that each 
element of f^'-^\C{uj) n F") must M-cross C°, and is contained in the A^^'^-*5s height neigh- 
borhood of I gnore the difference caused by the angle. We can say it is contained 
in C°. So, that is a u-suhset. 

In the sequel, the product structure A = F" fl F'' will be proven as a GMY structure. 
Observe that the set A coincides with the union of the leaves in F". We can diminish it so 
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that we say A C -ft' as the assertion of Theorem [XI Properties (Po) until (P2) are satisfied 
by nature. In the following we prove (P3). The proof of (P4) is a repeat of that in |^. 

3.6. Uniform expansion and bounded distortion. Here we prove property (P3)(a). 

Lemma 3.16. There is C > such that, given u E V and 7 G F", we have for all 
1 < k < R{ijj) and all x, y E C{uj) fl 7 

dist^.(.)_.(C(^)n,)(/''^")-'(x), < Ca'/' dist^H(.)(c(^)n,)(/^("^(x), /^^^Hl/))- 

Proof. Let u be an element of partition V constructed in the Section 13.21 So there are a 
point X E D with cr-hyperbolic time n{uj) satisfying R{(jj) — Nq < n{uj) < R{ijj). Since we 
take 6s, Sq < Si/2, it follows from that n{u) is a y^-hyperbolic time for every point in 
C{ijj) n 7. By (jl]), we obtain that for all 1 < /c < n{u) and all x,y E C{u) n 7 

As R{u)) —n{uj) < Nq, the result follows with C depending only on A^^o and the the derivative 
of/. □ 

Property (P3)(b) follows from Proposition 12. 4l together with Lemma r3.16l as in \T, Propo- 
sition 2.8]. For the sake of completeness we prove it here. 

Lemma 3.17. There is C > such that, for all x,y E Ai with y E 7"(a;), we have 

Proof For <i < Ri and y E 7"(x) E F", we denote Jk{y) = \ det |. Then, 

detD f^^ "L = ^ ^-^'^'^ - ^'^y^^ -^"-^ dist,,(/^x), f\y))<. 

By Lemma [3.16[ the sum of all dist/)(/'^(x), f^{y)Y over < < i?i is bounded by 

distz,(/^^(x),r'(y))V(l-af/2). 
It suffices to take C" = - □ 

3.7. Regularity of the foliations. (P4) has been proved in [7J. This is standard for uni- 
formly hyperbolic attractors, and it follows adapting classical ideas to our setting. (P4)(a) 
fiows from the next result whose proof may be found in [3 Corollary 3.8]. 

Proposition 3.18. There are C > and < /3 < 1 such that for all y E ^^^^^ n > 

For (P4)(b), we start by introducing some useful notions. We say that (j) : N ^ G, 
where A^ and G are submanifolds of M, is absolutely continuous if it is an injective map 
for which there exists J : A^ — )■ M, called the Jacobian of 6, such that 



LebG(0(A)) = / JdLehN^ 

J A 
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Finally, property (P4)(b) follows from the next result whose proof may be found in [71 
Proposition 3.9]. 

Proposition 3.19. Given 7,7' G F", define 0: 7' — )■ 7 hy 4>{x) = 7*(x) fl 7. Then is 
absolutely continuous and the Jacobian of (p is given by 



I(x) = n det/^r(f(a:)) 



i=0 



det Df-{fi<f){x))y 



We deduce from Proposition 13.181 that this infinite product converges uniformly. 

4. Application 

Here we present a open robust class of partially hyperbolic diffeomorphisms (or, more 
generally, diffeomorphisms with a dominated splitting) whose centre-unstable direction 
is non-uniformly expanding at Lebesgue almost everywhere in M. The example was in- 
troduced in [U Appendix] as the following: assume K = M, through deformation of a 
uniformly hyperbolic map by isotopy inside some small region, we can prove the new map 
satisfies the condition (NUE) in the cu-direction. Then we prove Leb^l^^ > n} = 0{e~^^^). 
We sketch the main steps. 

We consider a linear Anosov diffeomorphism /o on the dimensional torus M = T'^, 
d > 2. Thus we have the hyperbolic splitting TM = © E^. Let \^ C M be some small 
compact domain, such that /oly is injective. Let vr : M'^ — )■ T'^ be the canonical projection, 
there exist unit open cubes K^, in such that V C 7r{K^) and fo{V) C 7r{K^). We 
obtain / in a sufficiently small C^-neighborhood of /o, and / satisfies the assumptions of 
Theorem [K\ such that: 

(1) / admits invariant cone field C"^" and C^, with small width a > and containing, 
respectively, the unstable bundle and E^ of the Anosov diffeomorphism /o; 

(2) / is volume expanding everywhere: there is ui > such that | det^DflT^V^^)] > a\ 
for any x G M and any disk P^" through x tangent to the center-unstable cone 
field C"="; 

(3) / is C^-close to /o in the compliment of V , so that is expanding outside V: 
there is a2 < 1 satisfying \\{Df\T^V'')-'^\\ < ^2 for x e M\V and any disks P^" 
tangent to C^"; 

(4) is not too contracting on V: there is small 6q > satisfying || (D/lTj-P'^")^^!! < 
I + So for any x ^ V and any disks tangent to C"^". 

Let J-'o be the unstable foliation of /o, and J^j = /•' (^o ) for all j > 0. By Item (1), each 
J^j is a foliation of T'^ tangent to the centre-unstable cone field C"^". For any subset E of 
a leaf of J-'j, j > 0, we denote Lehj{E) the Lebesgue measure of E inside the leaf. Let us 
fix any small disk Dq contained in a leaf of J-q. See the proof of the following lemma in [H 
Appendix] Lemma A.l. 

Lemma 4.1. Let Bi, . . . , Bp, Bp^i = V be an arbitrary partition of M such that f is 
injective on Bj, for 1 < j < p + 1. There exist 6 > such that, the orbit of Lebesgue 
almost every x E Dq spends a fraction 9 of the time in BiU . . .U Bp: 

#{0 < J < n : f^{x) e BiU ...UBp} >en 
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for every large n. 

By Lemma [4.11 we conclude that LebDo-almost every point x E Dq spends a positive 
fraction 9 of the time outside the domain V . Then by Item (3) and (4) above, there exists 
Co > 0, 



for Lebijg-almost every point x G -Do- since Dq was an arbitrary disk intersect fohations 
J-'o transversely, and is an absolutely continuous foliation, we say / is non-uniformly 
expanding along E'^^, at Lebesgue almost everywhere in M = T"^. Moreover, the induced 
Lebesgue measure of the set 



[1] J. F. Alves, C. Bonatti, M. Viana, SRB measures for partially hyperbolic systems whose central 

direction is mostly expanding^ Invent. Math. 140 (2000), 351-398. 
[2] J. F. Alves, C. L. Dias, S. Luzzatto, Geometry of expanding absolutely continuous invariant measures 

and the liftability problem, Ann. Inst. H. Poincare Anal. Non Lineaire, to appear. 
[3] J. F. Alves, J. M. Freitas, S. Luzzatto, S. Vaienti, From rates of mixing to recurrence times via large 

deviations, Adv. Math. 228, n.2 (2011), 1203-1236. 
[4] J. F. Alves, SRB measures for non-hyperbolic systems with multidimensional expansion, Ann. Scient. 

Ec. Norm. Sup. (4) 33 (2000), 1-32. 
[5] J. F. Alves, S. Luzzatto, V. Pinheiro, Markov structures and decay of correlations for non-uniformly 

expanding dynamical systems, Ann. Inst. Henri Poincare (C) Non Linear Anal. 22, n.6 (2005) 817-839. 
[6] J. F. Alves, V. Pinheiro, Slow rates of mixing for dynamical systems with hyperbolic structures, J. 

Stat. Phys. 131, n.3 (2008) 505-534. 
[7] J. F. Alves, V. Pinheiro, Gibbs-Markov structures and limit laws for partially hyperbolic attractors 

with mostly expanding central direction, Adv. Math. 223 (2010) 1706-1730. 
[8] R. Bowen, Markov partitions for Axiom A diffeomorphisms, Amer. J. Math. (1970) vol. 92 pp. 725-747. 
[9] R. Bowen, Equilibrium states and the ergodic theory of Anosov diffeomorphisms, Lect. Notes in Math. 

Springer Verlag, (1975) vol. 470. 
[10] C. Bonatti, M. Viana, SRB measures for partially hyperbolic systems with mostly contracting central 

direction, Israel J. Math. 115 (2000), 157-193. 
[11] M. Benedicks, L.-S. Young, Markov extensions and decay of correlations for certain Henon maps, 

Asterisque 261 (2000), 13-56. 
[12] A. A. Castro, Backward inducing and exponential decay of correlations for partially hyperbolic attrac- 
tors with mostly contracting central direction, Israel J. of Math. 130 (2001), 29-75. 
[13] D. Dolgopyat, Limit theorems for partially hyperbolic systems. Trans. Amer. Math. Soc. 356, no. 4 

(2004), 1637-1689. 

[14] S. Gouezel, Decay of correlations for nonuniformly expanding systems. Bull. Soc. Math. France 134, 
n.l (2006), 1-31. 

[15] I. Melbourne, M. Nicol, Large deviations for nonuniformly hyperbolic systems. Trans. Amer. Math. 

Soc. 360 (2008) 6661-6676. 
[16] V. Pinheiro, Sinai- Ruelle- Bowen measures for weakly expanding maps, Nonlinearity 19 (2006) 1185- 




j=0 



{x e Dq : \\Df^{x) ^11 > e ''"■^ for somej > n} 
is exponentially small. Then there exists a constant < d < 1, we have 

Leb^ol^ >n} = Oie-'^''). 
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